We derive a state-dependent error-disturbance tradeoff based on statistical distance in the sequential measurements of a pair of noncommutative observables and experimentally verify the relation with a photonic qubit system.
Introduction
Uncertainty is an essential feature of quantum mechanics, which underlies the quantum measurement and the emerging quantum information science and is best reflected in the joint measurements of a pair of noncommutative observablesÂ andB. For sequential (or joint) measurements which is an important aspect of the quantum uncertainty principle, a simple and intuitive tradeoff between the error ε(Â) and the disturbance η(B) has remained a long sought goal. Heisenberg 
, was negated in the experiments. Ozawa recently showed that the error and disturbance quantified by the root-mean-square (rms) deviations. Here, we present a new study on the error-disturbance tradeoff. We show that the error and disturbance quantified by the statistical distances of probability distributions in the sequential measurements are naturally constrained by a triangle inequality for statistical distance. This relation satisfies the natural and significant requirements for operational error and disturbance, is free of the shortcomings of ozawa's relation and state-dependent.
Main results
Consider a given quantum state ρ and two observables,Â = ∑ 
where the minimization (maximization) takes over all index permutations σ (i) of i. We then reach the following theoretical result: Theorem 1. The sequential measurements associated with observablesÂ andB satisfy the following errordisturbance tradeoff,
The lower bound ξ G,max may be viewed as the error induced by the general measurements. ξ G = 0 ifĈ andD reduce toÂ andB for sharp measurements.
We present an experimental verification of relation (1) with the measurements of a pair of noncommutative Pauli operatorsÂ =Ẑ andB =X on a photonic qubit system. The quantum circuit is given in Fig. 1(a) . The system qubit |Φ s = cos α |0 s + e iφ sin α |1 s is sequentially coupled (via a unitary operationÛ C ) to a probe qubit, |Φ p = γ |0 p +γ |1 p , and a meter qubit, |Φ m = cos θ |0 m + sin θ |1 m , with measurement outcomes z p , z m and x s , respectively. As shown in Fig. 1(b) , we encode the system, probe and meter qubits using the polarization and path degree-of-freedoms of single photons, respectively. The unitary couplingÛ C is implemented by a Sagnac interferometer [3] . 
